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We study topological transport in the steady state of a quantum particle hopping on a one-dimensional lattice
in the presence of dissipation. The model exhibits a rich phase structure, with the average particle velocity in
the steady state playing the role of a non-equilibrium order parameter. Within each phase the average velocity
is proportional to a topological winding number and to the inverse of the average time between quantum jumps.
While the average velocity depends smoothly on system parameters within each phase, nonanalytic behavior
arises at phase transition points. We show that certain types of spatial boundaries between regions where differ-
ent phases are realized host a number of topological bound states which is equal to the difference between the
winding numbers characterizing the phases on the two sides of the boundary. These topological bound states are
attractors for the dynamics; in cases where the winding number changes by more than one when crossing the
boundary, the subspace of topological bound states forms a dark, decoherence free subspace for the dissipative
system. Finally we discuss how the dynamics we describe can be realized in a simple cavity or circuit QED
setup, where the topological boundary mode emerges as a robust coherent state of the light field.
Advances in technical capabilities for probing and control-
ling matter at the quantum level have brought new focus onto
the roles of quantum coherence and entanglement in a vari-
ety of phenomena occurring both in nature and in “synthetic”
systems created in the laboratory. As a result, many funda-
mental questions about the role of decoherence and dissipa-
tion in open system quantum dynamics have become both ex-
perimentally addressable and highly relevant for progress in
the field. Moreover, while dissipation has traditionally been
viewed as playing an antagonistic role in quantum dynam-
ics, many researchers in the condensed matter1–4, quantum
optics5–8 and quantum information9,10 communities have be-
gun searching for ways of actively using dissipation to enable
and control a variety of quantum phenomena.
Many previous works on dissipative engineering have pro-
vided ways of realizing and generalizing phenomena known
from studies of closed (non-dissipative) quantum systems.
Engineered dissipation has been proposed as a means to
achieve steady states of quantum dynamical systems with in-
teresting properties such as: being the result of a quantum
computation9,11, hosting special types of entanglement12,13,
exhibiting nontrivial topological features14–16, and realizing
ground and Gibbs states of many-body systems17. Seminal ex-
periments have already demonstrated dissipative state prepa-
ration in small quantum systems2,18–20.
In addition to providing means to realize states or to mimic
phenomena known for closed (non-dissipative) systems, dissi-
pation also opens the possibility to explore fundamentally new
types of quantum phenomena in which the interplay between
coherent and incoherent dynamics gives rise to qualitatively
new behavior. A number recent works have analyzed dy-
namics in non-Hermitian (including “PT -symmetric”) lattice
systems21–25, and investigated novel aspects of topology and
bulk-boundary correspondences therein21,26–32. Here we study
a new type of topological transport that occurs in the steady
state of a quantum particle hopping on a one dimensional lat-
tice, subjected to (Markovian) dissipation (see Fig. 1). The
model can be seen as a particle-conserving relative of the non-
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FIG. 1. Model for dissipative topological transport, Eqs. (1) and (2),
restricted to nearest neighbor hopping, J = 1. A particle with two in-
ternal statesA andB hops on a one dimensional lattice with unit cells
indexed by the integer m. Coherent hopping is indicated with solid
lines, while dissipative jumps are shown as wavy arrows. The ampli-
tude for intracell transitions between A and B states is denoted by
v0. Intercell hopping is always accompanied by a transition between
A and B states. Amplitudes for hopping to nearest-neighboring unit
cells to the left and to the right are denoted by v−1 and v1, respec-
tively. Intracell dissipative jumps from B to A occur at a rate γ.
Hermitian quantum walks studied in Refs. 21, 28, 33–38. In
those works, freely propagating particles (or wave packets)
were found to exhibit quantized average displacements before
their eventual decay through absorbing sites of the lattice. As
we will show, the existence of true steady states in the particle
conserving problem that we consider gives rise to qualitatively
new phenomena.
The system we study can realize a range of dynamical
phases, characterized by different steady state transport prop-
erties and indexed by an integer-valued topological invariant
(winding number). The steady-state average particle velocity
serves as a non-equilibrium order parameter for the system; its
value in each phase is proportional to the winding number that
characterizes that phase and to the inverse of the average time
between quantum jumps induced by the dissipation. While
the average particle velocity depends smoothly on parameters
within each phase, its behavior is nonanalytic at phase transi-
tion points where the winding number changes.
For systems with spatially-inhomogeneous hopping coef-
ficients, we find an interesting and unusual form of bulk-
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2boundary correspondence. For a spatial boundary separating
regions characterized by different winding number indices,
if the winding number to the left of the boundary is larger
than the winding number to the right of the boundary then
the system exhibits a stationary decoherence-free subspace
spanned by topological bound states that are exponentially lo-
calized in the vicinity of the boundary. The dimension of the
decoherence-free subspace is equal to the difference between
the winding numbers on the two sides of the boundary. The
topological bound states (and hence the decoherence free sub-
space) are attractors for the dynamics. For boundaries where
the winding number increases from left to right, the particle
generically diffuses away from the boundary and no protected
modes are found.
The remainder of the paper is organized as follows. In Sec. I
we introduce the model and recall some basic properties of
(Markovian) dissipative quantum systems. Then in Sec. II we
characterize the “bulk” topological features of the model, in
the translationally-invariant case. In Sec. III we discuss the
novel bulk-edge correspondence of the system. Finally, in
Sec. IV we discuss a cavity or circuit QED based realization
of the phenomena that we describe, and conclude with a dis-
cussion in Sec. V.
I. PROBLEM SETUP
We consider a quantum particle (the “walker”) with two in-
ternal states, A and B, coherently hopping on a lattice of N
sites with periodic boundary conditions (see Fig. 1). The co-
herent part of the evolution is described by the Hamiltonian:
H =
∑
m
∆|Bm〉〈Bm|+
∑
m,j
[vj |Bm+j〉〈Am|+h.c.], (1)
where |Am〉 and |Bm〉 represent states with the particle on
site m with internal states A and B, respectively, and ∆ is the
energy difference between internal states A and B. We take
the hopping to be local with finite range J , such that vj = 0
for |j| > J . Initially we take the system to be translation-
ally invariant; later we will consider situations where the hop-
pings vj also depend smoothly on position, m. Throughout
this work we take all hopping coefficients to be real and non-
negative.
Note that hopping in our model is always accompanied by
a change of the internal state. This condition corresponds
to the “weak bipartite constraint” of the associated problem
discussed in Ref. 28, and allows a sharp distinction between
phases to persist when the hopping varies in space (see dis-
cussion in Sec. III below). Such a structure arises naturally
in certain physical realizations, such as the cavity QED setup
in Sec. IV below, where coherent hopping represents the ex-
change of excitations between a two level system and an os-
cillator mode (with photon number m).
To investigate dissipative dynamics, we study the time evo-
lution of the reduced density matrix of the system, ρ, in the
presence of coupling to an environment. We consider the situ-
ation where the B states are metastable, such that coupling to
the environment induces spontaneous (incoherent) transitions
from B states to A states. Assuming that the memory time
of the environment is short, the equation of motion for ρ(t) is
Markovian and takes the Lindblad form ρ˙ = L(ρ), with
L(ρ) = −i[H, ρ] +
∑
m
LmρL
†
m −
1
2
{L†mLm, ρ}+. (2)
Here {·, ·}+ denotes the anti-commutator.
We will discuss the behavior with different choices for the
“jump operators” {Lm} appearing in Eq. (2). Physically,
these choices differ in the way that coherence between dif-
ferent sites is affected by the dissipation. For most of the pa-
per we will take Lm =
√
γ|Am〉〈Bm|, where γ > 0 is the
(uniform) decay rate. With this choice, each quantum jump
erases all coherence between different sites (i.e., the environ-
ment “measures” the position of the particle when it transi-
tions from B to A). We will also discuss the behavior where
there is a single jump operator L =
√
γ|A〉〈B| ⊗ 1m, where
1m is the identity operator in m-space. This form preserves
coherence in the m-sector during the transition from B to A.
Unlike the unitary time evolution of closed quantum sys-
tems, which preserves the orthogonality between states, the
dissipative evolution under Eq. (2) generally drives all ini-
tial states into a lower-dimensional “stationary subspace” S
at long times39. An especially important class of stationary
states are dark states. These are states in which a particular
pattern of coherence builds up such that the system completely
decouples from its environment (and thus becomes immune
to further decoherence). Mathematically, dark states have the
special property that they are annihilated by all jump opera-
tors, i.e., Lm|ψdark〉 = 0 for all m, and are also eigenstates
of the Hamiltonian (though not necessarily the ground state),
H|ψdark〉 ∝ |ψdark〉. If a system has a unique stationary state,
such that the dimension of the stationary subspace is 1, then
the stationary state is dark if and only if it is pure12.
II. PHASE STRUCTURE OF STEADY STATES
In this section, we study the stationary states of the model
described in Sec. I, with Lm =
√
γ|Am〉〈Bm|, and map out
the resulting phase diagram. The main result of this section is
that the average steady-state velocity V¯ , which plays the role
of an order parameter in our system, is (for N →∞):
V¯ =
aν
τ
. (3)
Here τ is the average time between dissipative jumps, ν is an
integer-valued topological index, and a is the lattice constant.
We derive Eq. (3) and expressions for ν and τ below.
The velocity of the walker is defined through the time
derivative of its position, given by the operator mˆ =∑
m′αm
′a |αm′〉〈αm′|, where α = {A,B}. Using Eq. (2),
and the fact that the jump operators {Lm} do not affect the
position of the walker, the velocity can be written as V =
−i〈[H, mˆ]〉, where 〈O〉 = tr (Oρ).
3Due to the translation-invariance of the model described
by Eqs. (1) and (2), its steady states are conveniently an-
alyzed in the Fourier basis spanned by the states |αk〉 =
1√
N
∑
m e
ikma|αm〉. We expect that the steady state
achieved at long times is translation-invariant. As a conse-
quence, the steady state density matrix ρ¯ is block diagonal
in the Fourier basis: 〈αk|ρ¯|β k′〉 ∝ δkk′ . In terms of the
2×2 block matrices ρ¯k defined via (ρ¯k)αβ = 〈αk|ρ¯|β k〉, the
steady state velocity [Eq. (3)] takes the form:
V¯ =
∑
k
tr
(
dHk
dk
ρ¯k
)
. (4)
Here Hk is the 2 × 2 Bloch Hamiltonian associated with the
tight-binding problem in Eq. (1),
Hk =
(
0 ck
c∗k ∆
)
, ck =
J∑
j=−J
vje
ikja. (5)
In Eq. (5) we use the ordered basis where the A components
come first (i.e., the AA matrix element is the top left entry).
In order to evaluate V¯ , we need to solve for the (unique)
steady state of Eq. (2). The jump operators of the form
|Am〉〈Bm| = 1N
∑
kk′ e
−i(k−k′)ma|Ak〉〈B k′| couple dif-
ferent momentum sectors. Therefore, finding the steady
state ρ¯ satisfying L(ρ¯) = 0 appears to be a complicated,
high-dimensional algebraic problem. However, using the
translation-invariance of the steady state, we now show that
ρ¯ can in fact be constructed analytically from the solutions
of a simpler auxiliary problem with the single (momentum-
conserving) jump operator L =
√
γ|A〉〈B| ⊗ 1m.
When only the single jump operator L is present, each 2×2
diagonal block ρ(0)k obeys a separate master equation
ρ˙
(0)
k = −i
[
Hk, ρ
(0)
k
]
+ Lρ
(0)
k L
† − 1
2
{L†L, ρ(0)k }, (6)
where in the Pauli matrix representation we have L =
√
γ σ+.
The steady state condition ρ˙(0)k = 0 is then a 2 × 2 matrix
equation, which can be solved analytically for each k:
ρ¯
(0)
k =
1
Fk
( |ck|2 + ∆2 + (γ/2)2 −ck(∆− iγ/2)
−c∗k(∆ + iγ/2) |ck|2
)
, (7)
where Fk is a normalization constant. For the calculation that
follows, it is convenient to take Fk = 2|ck|2 + ∆2 + (γ/2)2,
which yields tr ρ¯k = 1.
We now use the solutions ρ¯(0)k in Eq. (7) to build up the
steady state of the original problem (2) with the site-specific
jump operators {Lm}. As mentioned above, problem (2) dif-
fers from the momentum-conserving problem (6) by the fact
that the jump operators {Lm} couple different momentum
sectors. Crucially, in the steady state, the population within
each momentum sector must be constant in time. Equiva-
lently, the rate of population leaking out of each momentum
sector must be exactly compensated by the population scat-
tered in from all other sectors. Hence, in the steady state, the
behavior within each momentum sector is effectively the same
as if the scattered population were simply recycled within the
sector, as in the momentum conserving problem (6). This ob-
servation motivates an ansatz for the steady state density ma-
trix, expressed in terms of the solutions ρ¯(0)k :
ρ¯ =
∑
k
ρ¯k ⊗ |k〉〈k|, ρ¯k = pk ρ¯(0)k , (8)
where the populations pk satisfy
∑
k pk = 1.
To solve for the populations pk in Eq. (8), we note that each
quantum jump caused by any of the operators Lm spreads the
walker’s momentum uniformly across the Brillouin zone:∑
m
Lm|B k〉〈B k|L†m = γ
∑
k′
|Ak′〉〈Ak′|. (9)
Thus, independent of the distribution {pk}, the rate of par-
ticles being scattered into the different momentum sectors is
always uniform in k. According to the stationarity condition
above, the rate of particles scattering out of each sector must
also be uniform in k. Noting that spontaneous emission occurs
from state B, the out-scattering rate from sector k is given by
Γk = γ pk(ρ¯
(0)
k )BB . We therefore use Eqs. (7) and (8) to fix
pk by demanding that pk(ρ¯
(0)
k )BB is independent of k:
ρ¯k =
1
Z
(
1 + ∆
2+(γ/2)2
|ck|2
−∆+iγ/2
c∗k−∆−iγ/2
ck
1
)
. (10)
The normalization factor Z, enforcing tr(ρ¯) = 1, is given by
Z =
∑
k
[
2 +
∆2 + (γ/2)2
|ck|2
]
. (11)
Note that as long as Z is finite, i.e., ck 6= 0 for all k, there is
only one set of {pk} satisfying Eq. (10); this confirms that the
steady state is unique.
Equipped with an analytic expression for the stationary
state, we now calculate the steady state velocity, Eq. (4). Us-
ing Eqs. (5) and (10), we obtain
V¯ =
1
Z
∑
k
(
γ Im
[
d
dk
log ck
]
−∆Re
[
d
dk
log ck
])
.
(12)
To identify the underlying topological character, we now
take the system size to infinity. Converting sums over k to
integrals via
∑
k → Na2pi
∮
dk, we get
V¯ =
aγ
Z˜
∮
dk
2pi
Im
[
d
dk
log ck
]
, (13)
with Z˜=a
∮
dk
2pi
(
2+ ∆
2+(γ/2)2
|ck|2
)
. The integral of Re [ ddk log ck]
is zero, since the integrand is an odd function of k.
Remarkably, Eq. (13) reveals that the steady state velocity
of the walker is proportional to a topological winding number:
ν =
∮
dk
2pi
Im
[
d
dk
log ck
]
. (14)
4The index ν in Eq. (14) takes only integer values, correspond-
ing to the number of non-trivial cycles that the complex func-
tion ck makes around the origin when k varies from 0 to 2pi.
As a result, the model described by Eqs. (1) and (2) possesses
a rich phase diagram, with steady states organized into distinct
topological sectors.
The pre-factor γ/Z˜ ≡ 1/τ is the average time between dis-
sipative jumps at stationarity. To see this, note that a jump
occurs with rate γ whenever the walker sits on a B site. The
probability for a jump to occur per unit time is therefore pro-
portional to the probability of being at a B site, which is pre-
cisely 1/Z˜. This gives:
τ =
a
γ
∮
dk
2pi
(
2 +
∆2 + (γ/2)2
|ck|2
)
. (15)
Importantly, the average time between jumps, τ , diverges
at the critical points separating different topological phases.
This follows from the fact that the winding number of ck can
only change when ck∗ = 0 for some k∗; when ck vanishes,
however, the steady state becomes dark and the rate of quan-
tum jumps goes to zero. To see why the steady state is dark in
this case, note that when ck = 0, the state |Ak〉 is an eigen-
state of Hk in Eq. (5), and is annihilated by all Lm.
At a generic phase transition point, ck will vanish at a single
value of k. In this case there is a single dark state and a unique
steady state. If, for a given set of parameters, ck vanishes
at more than one value of k, the system will possess a dark
stationary subspace with dimension equal to the number of
zeros of ck. Away from phase transition points, the steady
state is never dark.
A. Example: dissipative walk with nearest-neighbor hopping
We illustrate the results above on an example with maxi-
mal hopping range J = 1, i.e., vj = 0 for |j| > 1. We
identify three topologically distinct sectors in this nearest-
neighbor hopping model. By direct evaluation of Eq. (14)
with ck = v0 + v1eika + v−1e−ika, we obtain the winding
number ν = 0 for v0 > v1 + v−1, ν = −1 for v0 < v1 + v−1
with v1 < v−1, and ν = 1 for v0 < v1 + v−1 with v1 > v−1.
The corresponding phase diagram is shown in Fig. 2a.
The dwell time between quantum jumps, τ = 1γ Z˜, and
hence the velocity V¯ = aν/τ , can also be evaluated analyt-
ically. We do so by writing ck as a function of the complex
variable z = eika: c(z) = v0 + v1z + v−1/z. We then trans-
form the integral over k to an integral over z on the unit circle
in the complex plane. The resulting integral is simple to eval-
uate via the residue theorem, yielding:
V¯ =

0, if v0 > v1 + v−1
aγB
(γ/2)2+∆2−B , if v0 < v1 + v−1 and v1 < v−1
aγB
(γ/2)2+∆2+B , if v0 < v1 + v−1 and v1 > v−1,
where B = (v1 − v−1)[(v1 + v−1)2 − v20 ]/(v1 + v−1). The
dwell time diverges in the vicinity of phase boundaries, as
b)
0
 1
1
⌘
a)
0.2
<latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoC cpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq7AFknXkFqUKA1 rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnUPbfuPVzVmrdFHGU4g3O4BA +uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit><latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoC cpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq7AFknXkFqUKA1 rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnUPbfuPVzVmrdFHGU4g3O4BA +uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit><latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoC cpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq7AFknXkFqUKA1 rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnUPbfuPVzVmrdFHGU4g3O4BA +uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit><latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoC cpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq7AFknXkFqUKA1 rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnUPbfuPVzVmrdFHGU4g3O4BA +uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit>
0.6
<latexit sha1_base64="8N1pvCIB/7oc4uup20i0c0A0HJA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1J MUvHisYD+gDWWz3bRLdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rblZ3dvf2D6uFRy8apYbzJYhmbTkgtl0LzJgqUvJMYTlUoeTsc3+V++4kbK2L9iJOEB4oOtYgEo5hLnntV6VdrnuvNQVaJX5AaFGj0 q1+9QcxSxTUySa3t+l6CwZQaFEzyWaWXWp5QNqZD3s2oporbYDq/dUbOMmVAothkpZHM1d8TU6qsnagw61QUR3bZy8X/vG6K0U0wFTpJkWu2WBSlkmBM8sfJQBjOUE4yQpkR2a2EjaihDLN48hD85ZdXSevC9T3Xf7is1W+LOMpwAqdwDj 5cQx3uoQFNYDCCZ3iFN0c5L86787FoLTnFzDH8gfP5A46AjTw=</latexit><latexit sha1_base64="8N1pvCIB/7oc4uup20i0c0A0HJA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1J MUvHisYD+gDWWz3bRLdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rblZ3dvf2D6uFRy8apYbzJYhmbTkgtl0LzJgqUvJMYTlUoeTsc3+V++4kbK2L9iJOEB4oOtYgEo5hLnntV6VdrnuvNQVaJX5AaFGj0 q1+9QcxSxTUySa3t+l6CwZQaFEzyWaWXWp5QNqZD3s2oporbYDq/dUbOMmVAothkpZHM1d8TU6qsnagw61QUR3bZy8X/vG6K0U0wFTpJkWu2WBSlkmBM8sfJQBjOUE4yQpkR2a2EjaihDLN48hD85ZdXSevC9T3Xf7is1W+LOMpwAqdwDj 5cQx3uoQFNYDCCZ3iFN0c5L86787FoLTnFzDH8gfP5A46AjTw=</latexit><latexit sha1_base64="8N1pvCIB/7oc4uup20i0c0A0HJA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1J MUvHisYD+gDWWz3bRLdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rblZ3dvf2D6uFRy8apYbzJYhmbTkgtl0LzJgqUvJMYTlUoeTsc3+V++4kbK2L9iJOEB4oOtYgEo5hLnntV6VdrnuvNQVaJX5AaFGj0 q1+9QcxSxTUySa3t+l6CwZQaFEzyWaWXWp5QNqZD3s2oporbYDq/dUbOMmVAothkpZHM1d8TU6qsnagw61QUR3bZy8X/vG6K0U0wFTpJkWu2WBSlkmBM8sfJQBjOUE4yQpkR2a2EjaihDLN48hD85ZdXSevC9T3Xf7is1W+LOMpwAqdwDj 5cQx3uoQFNYDCCZ3iFN0c5L86787FoLTnFzDH8gfP5A46AjTw=</latexit><latexit sha1_base64="8N1pvCIB/7oc4uup20i0c0A0HJA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1J MUvHisYD+gDWWz3bRLdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rblZ3dvf2D6uFRy8apYbzJYhmbTkgtl0LzJgqUvJMYTlUoeTsc3+V++4kbK2L9iJOEB4oOtYgEo5hLnntV6VdrnuvNQVaJX5AaFGj0 q1+9QcxSxTUySa3t+l6CwZQaFEzyWaWXWp5QNqZD3s2oporbYDq/dUbOMmVAothkpZHM1d8TU6qsnagw61QUR3bZy8X/vG6K0U0wFTpJkWu2WBSlkmBM8sfJQBjOUE4yQpkR2a2EjaihDLN48hD85ZdXSevC9T3Xf7is1W+LOMpwAqdwDj 5cQx3uoQFNYDCCZ3iFN0c5L86787FoLTnFzDH8gfP5A46AjTw=</latexit>
1.0
<latexit sha1_base64="BaiwhXk9EHIf7ev/KxWDp+IzZ0w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0JMUvHisYGuhDWWznbRLdzdhdyOU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkRwYz3v26msrW9sblW3azu7e/sH9cO jjolTzbDNYhHrbkgNCq6wbbkV2E00UhkKfAwnt4X/+ITa8Fg92GmCgaQjxSPOqC0k3/Vqg3rDc705yCrxS9KAEq1B/as/jFkqUVkmqDE930tskFFtORM4q/VTgwllEzrCXk4VlWiCbH7rjJzlypBEsc5LWTJXf09kVBozlWHeKakdm2WvEP/zeqmNroOMqyS1qNhiUZQKYmNSPE6GXCOzYpoTyjTPbyVsTDVlNo+nCMFffnmVdC5c33P9+8tG86aMowoncArn4MMVNOEOWtAGBmN4hld4c6Tz4rw7H4vWilPOHMMfOJ8/humNNw==</latexit><latexit sha1_base64="BaiwhXk9EHIf7ev/KxWDp+IzZ0w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0JMUvHisYGuhDWWznbRLdzdhdyOU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkRwYz3v26msrW9sblW3azu7e/sH9cO jjolTzbDNYhHrbkgNCq6wbbkV2E00UhkKfAwnt4X/+ITa8Fg92GmCgaQjxSPOqC0k3/Vqg3rDc705yCrxS9KAEq1B/as/jFkqUVkmqDE930tskFFtORM4q/VTgwllEzrCXk4VlWiCbH7rjJzlypBEsc5LWTJXf09kVBozlWHeKakdm2WvEP/zeqmNroOMqyS1qNhiUZQKYmNSPE6GXCOzYpoTyjTPbyVsTDVlNo+nCMFffnmVdC5c33P9+8tG86aMowoncArn4MMVNOEOWtAGBmN4hld4c6Tz4rw7H4vWilPOHMMfOJ8/humNNw==</latexit><latexit sha1_base64="BaiwhXk9EHIf7ev/KxWDp+IzZ0w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0JMUvHisYGuhDWWznbRLdzdhdyOU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkRwYz3v26msrW9sblW3azu7e/sH9cO jjolTzbDNYhHrbkgNCq6wbbkV2E00UhkKfAwnt4X/+ITa8Fg92GmCgaQjxSPOqC0k3/Vqg3rDc705yCrxS9KAEq1B/as/jFkqUVkmqDE930tskFFtORM4q/VTgwllEzrCXk4VlWiCbH7rjJzlypBEsc5LWTJXf09kVBozlWHeKakdm2WvEP/zeqmNroOMqyS1qNhiUZQKYmNSPE6GXCOzYpoTyjTPbyVsTDVlNo+nCMFffnmVdC5c33P9+8tG86aMowoncArn4MMVNOEOWtAGBmN4hld4c6Tz4rw7H4vWilPOHMMfOJ8/humNNw==</latexit><latexit sha1_base64="BaiwhXk9EHIf7ev/KxWDp+IzZ0w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0JMUvHisYGuhDWWznbRLdzdhdyOU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkRwYz3v26msrW9sblW3azu7e/sH9cO jjolTzbDNYhHrbkgNCq6wbbkV2E00UhkKfAwnt4X/+ITa8Fg92GmCgaQjxSPOqC0k3/Vqg3rDc705yCrxS9KAEq1B/as/jFkqUVkmqDE930tskFFtORM4q/VTgwllEzrCXk4VlWiCbH7rjJzlypBEsc5LWTJXf09kVBozlWHeKakdm2WvEP/zeqmNroOMqyS1qNhiUZQKYmNSPE6GXCOzYpoTyjTPbyVsTDVlNo+nCMFffnmVdC5c33P9+8tG86aMowoncArn4MMVNOEOWtAGBmN4hld4c6Tz4rw7H4vWilPOHMMfOJ8/humNNw==</latexit>
0.2
<latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoCcpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq 7AFknXkFqUKA1rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnU PbfuPVzVmrdFHGU4g3O4BA+uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit><latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoCcpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq 7AFknXkFqUKA1rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnU PbfuPVzVmrdFHGU4g3O4BA+uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit><latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoCcpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq 7AFknXkFqUKA1rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnU PbfuPVzVmrdFHGU4g3O4BA+uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit><latexit sha1_base64="M7fyDvb0APg/3pJqxOHBHumU6cQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoCcpePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGX3HqjMqzW3Lq 7AFknXkFqUKA1rH4NRhFLFNfIJLW277kx+ik1KJjk88ogsTymbErHvJ9RTRW3frq4dU4uMmVEwshkpZEs1N8TKVXWzlSQdSqKE7vq5eJ/Xj/B8MZPhY4T5JotF4WJJBiR/HEyEoYzlLOMUGZEdithE2oowyyePARv9eV10mnU PbfuPVzVmrdFHGU4g3O4BA+uoQn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AYhsjTg=</latexit>
0.4
<latexit sha1_base64="l9ynPNawNtG5H8ZNj+JIrHTurTo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0 JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj 0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAU zsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBW1I0m</latexit><latexit sha1_base64="l9ynPNawNtG5H8ZNj+JIrHTurTo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0 JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj 0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAU zsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBW1I0m</latexit><latexit sha1_base64="l9ynPNawNtG5H8ZNj+JIrHTurTo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0 JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj 0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAU zsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBW1I0m</latexit><latexit sha1_base64="l9ynPNawNtG5H8ZNj+JIrHTurTo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0 JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj 0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAU zsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBW1I0m</latexit>
0.6
<latexit sha1_base64="jmSKPBnnhxkB451UmcQfbd3PTto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hE1JMUvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rn eDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ4 5vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFZ3I0o</latexit><latexit sha1_base64="jmSKPBnnhxkB451UmcQfbd3PTto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hE1JMUvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rn eDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ4 5vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFZ3I0o</latexit><latexit sha1_base64="jmSKPBnnhxkB451UmcQfbd3PTto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hE1JMUvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rn eDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ4 5vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFZ3I0o</latexit><latexit sha1_base64="jmSKPBnnhxkB451UmcQfbd3PTto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hE1JMUvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rn eDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ4 5vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFZ3I0o</latexit>
0.8
<latexit sha1_base64="ODPeOoVe3DrVKM/VFRnOZD0gaaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hEsCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea6 3APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lf uL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFc5I0q</latexit><latexit sha1_base64="ODPeOoVe3DrVKM/VFRnOZD0gaaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hEsCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea6 3APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lf uL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFc5I0q</latexit><latexit sha1_base64="ODPeOoVe3DrVKM/VFRnOZD0gaaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hEsCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea6 3APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lf uL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFc5I0q</latexit><latexit sha1_base64="ODPeOoVe3DrVKM/VFRnOZD0gaaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0hEsCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea6 3APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lf uL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFc5I0q</latexit>
-0.2
<latexit sha1_base64="LhSGcknjGXh6JBbbWWArHRt7Xtg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBi yHpRU9S8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyacaeN5305lY3Nre6e6W9vbPzg8qh+fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLZ3e533uiSrNYPpp5QgOBJ5JFjGCTS1ee2xzVG57 rFUDrxC9JA0q0R/Wv4TgmqaDSEI61HvheYoIMK8MIp4vaMNU0wWSGJ3RgqcSC6iArbl2gC6uMURQrW9KgQv09kWGh9VyEtlNgM9WrXi7+5w1SE90EGZNJaqgky0VRypGJUf44GjNFieFzSzBRzN6KyBQrTIyNp2ZD8FdfXifd put7rv/QbLRuyziqcAbncAk+XEML7qENHSAwhWd4hTdHOC/Ou/OxbK045cwp/IHz+QO8z41Z</latexit><latexit sha1_base64="LhSGcknjGXh6JBbbWWArHRt7Xtg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBi yHpRU9S8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyacaeN5305lY3Nre6e6W9vbPzg8qh+fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLZ3e533uiSrNYPpp5QgOBJ5JFjGCTS1ee2xzVG57 rFUDrxC9JA0q0R/Wv4TgmqaDSEI61HvheYoIMK8MIp4vaMNU0wWSGJ3RgqcSC6iArbl2gC6uMURQrW9KgQv09kWGh9VyEtlNgM9WrXi7+5w1SE90EGZNJaqgky0VRypGJUf44GjNFieFzSzBRzN6KyBQrTIyNp2ZD8FdfXifd put7rv/QbLRuyziqcAbncAk+XEML7qENHSAwhWd4hTdHOC/Ou/OxbK045cwp/IHz+QO8z41Z</latexit><latexit sha1_base64="LhSGcknjGXh6JBbbWWArHRt7Xtg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBi yHpRU9S8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyacaeN5305lY3Nre6e6W9vbPzg8qh+fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLZ3e533uiSrNYPpp5QgOBJ5JFjGCTS1ee2xzVG57 rFUDrxC9JA0q0R/Wv4TgmqaDSEI61HvheYoIMK8MIp4vaMNU0wWSGJ3RgqcSC6iArbl2gC6uMURQrW9KgQv09kWGh9VyEtlNgM9WrXi7+5w1SE90EGZNJaqgky0VRypGJUf44GjNFieFzSzBRzN6KyBQrTIyNp2ZD8FdfXifd put7rv/QbLRuyziqcAbncAk+XEML7qENHSAwhWd4hTdHOC/Ou/OxbK045cwp/IHz+QO8z41Z</latexit><latexit sha1_base64="LhSGcknjGXh6JBbbWWArHRt7Xtg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBi yHpRU9S8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyacaeN5305lY3Nre6e6W9vbPzg8qh+fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLZ3e533uiSrNYPpp5QgOBJ5JFjGCTS1ee2xzVG57 rFUDrxC9JA0q0R/Wv4TgmqaDSEI61HvheYoIMK8MIp4vaMNU0wWSGJ3RgqcSC6iArbl2gC6uMURQrW9KgQv09kWGh9VyEtlNgM9WrXi7+5w1SE90EGZNJaqgky0VRypGJUf44GjNFieFzSzBRzN6KyBQrTIyNp2ZD8FdfXifd put7rv/QbLRuyziqcAbncAk+XEML7qENHSAwhWd4hTdHOC/Ou/OxbK045cwp/IHz+QO8z41Z</latexit>
0.0
<latexit sha1_base64="jseql9nDDuR23DP1WrVlesUTXWs=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmLii bRc9GRIvHjEaIEEGrJdtrBhu212pyak4Sd48aAxXv1F3vw3LtCDgi/Zzct7M5mZF6ZSGHTdb6e0sbm1vVPereztHxweVY9P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O09cG5GoR5ymPIjpSIlIMIpWenDr7qBas/8 CZJ14BalBgdag+tUfJiyLuUImqTE9z00xyKlGwSSfVfqZ4SllEzriPUsVjbkJ8sWqM3JhlSGJEm2fQrJQf3fkNDZmGoe2MqY4NqveXPzP62UYXQe5UGmGXLHloCiTBBMyv5sMheYM5dQSyrSwuxI2ppoytOlUbAje6snrpN2o e27du2/UmjdFHGU4g3O4BA+uoAl30AIfGIzgGV7hzZHOi/PufCxLS07Rcwp/4Hz+AFAkjSA=</latexit><latexit sha1_base64="jseql9nDDuR23DP1WrVlesUTXWs=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmLii bRc9GRIvHjEaIEEGrJdtrBhu212pyak4Sd48aAxXv1F3vw3LtCDgi/Zzct7M5mZF6ZSGHTdb6e0sbm1vVPereztHxweVY9P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O09cG5GoR5ymPIjpSIlIMIpWenDr7qBas/8 CZJ14BalBgdag+tUfJiyLuUImqTE9z00xyKlGwSSfVfqZ4SllEzriPUsVjbkJ8sWqM3JhlSGJEm2fQrJQf3fkNDZmGoe2MqY4NqveXPzP62UYXQe5UGmGXLHloCiTBBMyv5sMheYM5dQSyrSwuxI2ppoytOlUbAje6snrpN2o e27du2/UmjdFHGU4g3O4BA+uoAl30AIfGIzgGV7hzZHOi/PufCxLS07Rcwp/4Hz+AFAkjSA=</latexit><latexit sha1_base64="jseql9nDDuR23DP1WrVlesUTXWs=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmLii bRc9GRIvHjEaIEEGrJdtrBhu212pyak4Sd48aAxXv1F3vw3LtCDgi/Zzct7M5mZF6ZSGHTdb6e0sbm1vVPereztHxweVY9P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O09cG5GoR5ymPIjpSIlIMIpWenDr7qBas/8 CZJ14BalBgdag+tUfJiyLuUImqTE9z00xyKlGwSSfVfqZ4SllEzriPUsVjbkJ8sWqM3JhlSGJEm2fQrJQf3fkNDZmGoe2MqY4NqveXPzP62UYXQe5UGmGXLHloCiTBBMyv5sMheYM5dQSyrSwuxI2ppoytOlUbAje6snrpN2o e27du2/UmjdFHGU4g3O4BA+uoAl30AIfGIzgGV7hzZHOi/PufCxLS07Rcwp/4Hz+AFAkjSA=</latexit><latexit sha1_base64="jseql9nDDuR23DP1WrVlesUTXWs=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmLii bRc9GRIvHjEaIEEGrJdtrBhu212pyak4Sd48aAxXv1F3vw3LtCDgi/Zzct7M5mZF6ZSGHTdb6e0sbm1vVPereztHxweVY9P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O09cG5GoR5ymPIjpSIlIMIpWenDr7qBas/8 CZJ14BalBgdag+tUfJiyLuUImqTE9z00xyKlGwSSfVfqZ4SllEzriPUsVjbkJ8sWqM3JhlSGJEm2fQrJQf3fkNDZmGoe2MqY4NqveXPzP62UYXQe5UGmGXLHloCiTBBMyv5sMheYM5dQSyrSwuxI2ppoytOlUbAje6snrpN2o e27du2/UmjdFHGU4g3O4BA+uoAl30AIfGIzgGV7hzZHOi/PufCxLS07Rcwp/4Hz+AFAkjSA=</latexit>
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v0
<latexit sha1_base64="H0hpnLS0iqYTNP4bYObtfFfL1Is=">AAAB+nicbVDLSsNAFL2pr 1pfqS7dDBbBVUlEaJcFNy4r2Ae0IUymk3boZBJmJpUS8yluXCji1i9x5984bbPQ1gOXezjnXubOCRLOlHacb6u0tb2zu1ferxwcHh2f2NXTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6e 3C782oVCwWD3qeUC/CY8FCRrA2km9Xh6HEJJv5mZvnpjm5b9ecurME2iRuQWpQoO3bX8NRTNKICk04VmrgOon2Miw1I5zmlWGqaILJFI/pwFCBI6q8bHl6ji6NMkJhLE0JjZbq740MR0rNo8BM RlhP1Lq3EP/zBqkOm17GRJJqKsjqoTDlSMdokQMaMUmJ5nNDMJHM3IrIBJsstEmrYkJw17+8SbrXddepu/c3tVaziKMM53ABV+BCA1pwB23oAIFHeIZXeLOerBfr3fpYjZasYucM/sD6/AGo9 pQ2</latexit><latexit sha1_base64="H0hpnLS0iqYTNP4bYObtfFfL1Is=">AAAB+nicbVDLSsNAFL2pr 1pfqS7dDBbBVUlEaJcFNy4r2Ae0IUymk3boZBJmJpUS8yluXCji1i9x5984bbPQ1gOXezjnXubOCRLOlHacb6u0tb2zu1ferxwcHh2f2NXTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6e 3C782oVCwWD3qeUC/CY8FCRrA2km9Xh6HEJJv5mZvnpjm5b9ecurME2iRuQWpQoO3bX8NRTNKICk04VmrgOon2Miw1I5zmlWGqaILJFI/pwFCBI6q8bHl6ji6NMkJhLE0JjZbq740MR0rNo8BM RlhP1Lq3EP/zBqkOm17GRJJqKsjqoTDlSMdokQMaMUmJ5nNDMJHM3IrIBJsstEmrYkJw17+8SbrXddepu/c3tVaziKMM53ABV+BCA1pwB23oAIFHeIZXeLOerBfr3fpYjZasYucM/sD6/AGo9 pQ2</latexit><latexit sha1_base64="H0hpnLS0iqYTNP4bYObtfFfL1Is=">AAAB+nicbVDLSsNAFL2pr 1pfqS7dDBbBVUlEaJcFNy4r2Ae0IUymk3boZBJmJpUS8yluXCji1i9x5984bbPQ1gOXezjnXubOCRLOlHacb6u0tb2zu1ferxwcHh2f2NXTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6e 3C782oVCwWD3qeUC/CY8FCRrA2km9Xh6HEJJv5mZvnpjm5b9ecurME2iRuQWpQoO3bX8NRTNKICk04VmrgOon2Miw1I5zmlWGqaILJFI/pwFCBI6q8bHl6ji6NMkJhLE0JjZbq740MR0rNo8BM RlhP1Lq3EP/zBqkOm17GRJJqKsjqoTDlSMdokQMaMUmJ5nNDMJHM3IrIBJsstEmrYkJw17+8SbrXddepu/c3tVaziKMM53ABV+BCA1pwB23oAIFHeIZXeLOerBfr3fpYjZasYucM/sD6/AGo9 pQ2</latexit><latexit sha1_base64="H0hpnLS0iqYTNP4bYObtfFfL1Is=">AAAB+nicbVDLSsNAFL2pr 1pfqS7dDBbBVUlEaJcFNy4r2Ae0IUymk3boZBJmJpUS8yluXCji1i9x5984bbPQ1gOXezjnXubOCRLOlHacb6u0tb2zu1ferxwcHh2f2NXTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6e 3C782oVCwWD3qeUC/CY8FCRrA2km9Xh6HEJJv5mZvnpjm5b9ecurME2iRuQWpQoO3bX8NRTNKICk04VmrgOon2Miw1I5zmlWGqaILJFI/pwFCBI6q8bHl6ji6NMkJhLE0JjZbq740MR0rNo8BM RlhP1Lq3EP/zBqkOm17GRJJqKsjqoTDlSMdokQMaMUmJ5nNDMJHM3IrIBJsstEmrYkJw17+8SbrXddepu/c3tVaziKMM53ABV+BCA1pwB23oAIFHeIZXeLOerBfr3fpYjZasYucM/sD6/AGo9 pQ2</latexit>
v 1
v0
<latexit sha1_base64="NgDK7abrBFg1V7cySHLV0+laIzA=">AAAB+3icbVDLSsNAFL2pr 1pfsS7dDBbBjSWRgl0W3LisYB/QhjCZTtqhk0mYmRRLyK+4caGIW3/EnX/jtM1CWw9c7uGce5k7J0g4U9pxvq3S1vbO7l55v3JweHR8Yp9WuypOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpn cLvzejUrFYPOp5Qr0IjwULGcHaSL5dHYYSk2zmZ9dunpvu5L5dc+rOEmiTuAWpQYG2b38NRzFJIyo04Vipgesk2suw1IxwmleGqaIJJlM8pgNDBY6o8rLl7Tm6NMoIhbE0JTRaqr83MhwpNY8C MxlhPVHr3kL8zxukOmx6GRNJqqkgq4fClCMdo0UQaMQkJZrPDcFEMnMrIhNswtAmrooJwV3/8ibp3tRdp+4+NGqtZhFHGc7hAq7AhVtowT20oQMEnuAZXuHNyq0X6936WI2WrGLnDP7A+vwBF 4eUbQ==</latexit><latexit sha1_base64="NgDK7abrBFg1V7cySHLV0+laIzA=">AAAB+3icbVDLSsNAFL2pr 1pfsS7dDBbBjSWRgl0W3LisYB/QhjCZTtqhk0mYmRRLyK+4caGIW3/EnX/jtM1CWw9c7uGce5k7J0g4U9pxvq3S1vbO7l55v3JweHR8Yp9WuypOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpn cLvzejUrFYPOp5Qr0IjwULGcHaSL5dHYYSk2zmZ9dunpvu5L5dc+rOEmiTuAWpQYG2b38NRzFJIyo04Vipgesk2suw1IxwmleGqaIJJlM8pgNDBY6o8rLl7Tm6NMoIhbE0JTRaqr83MhwpNY8C MxlhPVHr3kL8zxukOmx6GRNJqqkgq4fClCMdo0UQaMQkJZrPDcFEMnMrIhNswtAmrooJwV3/8ibp3tRdp+4+NGqtZhFHGc7hAq7AhVtowT20oQMEnuAZXuHNyq0X6936WI2WrGLnDP7A+vwBF 4eUbQ==</latexit><latexit sha1_base64="NgDK7abrBFg1V7cySHLV0+laIzA=">AAAB+3icbVDLSsNAFL2pr 1pfsS7dDBbBjSWRgl0W3LisYB/QhjCZTtqhk0mYmRRLyK+4caGIW3/EnX/jtM1CWw9c7uGce5k7J0g4U9pxvq3S1vbO7l55v3JweHR8Yp9WuypOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpn cLvzejUrFYPOp5Qr0IjwULGcHaSL5dHYYSk2zmZ9dunpvu5L5dc+rOEmiTuAWpQYG2b38NRzFJIyo04Vipgesk2suw1IxwmleGqaIJJlM8pgNDBY6o8rLl7Tm6NMoIhbE0JTRaqr83MhwpNY8C MxlhPVHr3kL8zxukOmx6GRNJqqkgq4fClCMdo0UQaMQkJZrPDcFEMnMrIhNswtAmrooJwV3/8ibp3tRdp+4+NGqtZhFHGc7hAq7AhVtowT20oQMEnuAZXuHNyq0X6936WI2WrGLnDP7A+vwBF 4eUbQ==</latexit><latexit sha1_base64="NgDK7abrBFg1V7cySHLV0+laIzA=">AAAB+3icbVDLSsNAFL2pr 1pfsS7dDBbBjSWRgl0W3LisYB/QhjCZTtqhk0mYmRRLyK+4caGIW3/EnX/jtM1CWw9c7uGce5k7J0g4U9pxvq3S1vbO7l55v3JweHR8Yp9WuypOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpn cLvzejUrFYPOp5Qr0IjwULGcHaSL5dHYYSk2zmZ9dunpvu5L5dc+rOEmiTuAWpQYG2b38NRzFJIyo04Vipgesk2suw1IxwmleGqaIJJlM8pgNDBY6o8rLl7Tm6NMoIhbE0JTRaqr83MhwpNY8C MxlhPVHr3kL8zxukOmx6GRNJqqkgq4fClCMdo0UQaMQkJZrPDcFEMnMrIhNswtAmrooJwV3/8ibp3tRdp+4+NGqtZhFHGc7hAq7AhVtowT20oQMEnuAZXuHNyq0X6936WI2WrGLnDP7A+vwBF 4eUbQ==</latexit>
1
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FIG. 2. a) Phase diagram of the translationally invariant dissipative
walk with nearest neighbor hopping. Each phase is associated with
a value of the winding number, Eq. (14), which in this example may
take the values ν = {−1, 0, 1}. b) Stationary particle velocity V¯
[Eq. (13)] along the path η shown in panel a), with v−1/v0 = .75 and
0 ≤ v1/v0 ≤ 1.25. Here we take v0 = 1, ∆ = 1, and γ = 2. Along
path η, the system is initially in a phase with zero average velocity in
the steady state. A phase transition is encountered at v1/v0 = 0.25,
beyond which the walker obtains a negative average velocity (i.e.,
it moves to the left). For v1/v0 > 0.75, i.e., v1 > v−1, a second
transition is passed and the system enters a phase where the walker
exhibits a net right-moving steady state motion. The average velocity
vanishes at the topological transition points.
can be seen explicitly in the above model; B → 0 at phase
boundaries.
In Fig. 2b we show a representative trace of the steady state
velocity along the path η marked by the dotted line in Fig. 2a.
Along this path, the system crosses three distinct topological
sectors, passing from zero, to negative, to positive average ve-
locity. At the ν = 0 → 1 transition the velocity exhibits a
kink; for the ν = −1 → 1 transition, the velocity and its
derivative are continuous, but there is a discontinuity in the
second derivative. We observe that the steady state veloc-
ity typically exhibits a discontinuity at some finite order of
derivative at the topological transition points. However, we
have not found a simple relation between the degree of the
discontinuity and the change in topological winding number
across the transition.
III. TOPOLOGICAL STATIONARY EDGE MODES
In this section we describe the unusual bulk-boundary cor-
respondence featured by the model defined in Eq. (2). To in-
vestigate the walker’s behavior near spatial boundaries across
which the topological index ν changes its value, we let all the
hopping parameters in Eq. (1) depend smoothly on the posi-
tion (unit cell) index, m: vj → vm,j , such that the hopping
terms inH becomeHhop =
∑
m,j vm,j |Bm+j〉〈Am|+h.c..
We will work in theN →∞ limit of a chain with open bound-
ary conditions, which allows us to consider a single boundary
between topological phases.
We focus on the situation where the coefficients {vm,j}
give rise to two topologically distinct phases in the asymptotic
regions m → ±∞: one phase extends out to infinity on the
left, with winding number νL, and another phase extends out
to infinity on the right, with winding number νR. The region
5in between, which may include finite segments where other
topological phases are realized, is considered the “boundary
region.” As we show below, for ∆ν ≡ νL − νR > 0 there
exists a dark, decoherence free subspace (DFS) of dimension
at least ∆ν, spanned by states that are exponentially localized
around the boundary region. When present, this topological
DFS is an attractor for the dynamics: at long times the walker
ends up in the DFS, independent of its initialization40.
Before going into the technical details of the derivation, we
note that the unusual dependence of the bulk-edge correspon-
dence on the sign of ∆ν can be understood intuitively from the
fact that the value of ν expresses the tendency of the walker to
move to the right. When ∆ν > 0 (meaning ν is larger on the
left of the boundary than on the right), there is a net tendency
for the walker to move into the boundary region, where it may
become trapped. If ν is larger on the right of the boundary
than on the left, the walker tends to run away from the bound-
ary region.
To demonstrate the bulk-boundary correspondence de-
scribed above, we explicitly construct (pure) dark, stationary
state solutions to the master equation (2) of the inhomoge-
neous system, which are exponentially localized around the
boundary region.
We begin by assuming that there exists a dark stationary
state of the form |ψ¯〉 = ∑m ϕm|Am〉, where ∑m |ϕm|2 =
1. Under the assumption that the hopping coefficients {vm,j}
are all real, the amplitudes ϕm are also real. By construction,
|ψ¯〉 only has support on the A subspace; this constraint en-
sures that |ψ¯〉 satisfies the dark state condition: Lm|ψ¯〉 = 0
for all m. Hence we only need to verify that H|ψ¯〉 = E|ψ¯〉,
for H given in Eq. (1).
It is easy to check that, for any values of the parameters in
Eq. (1), the eigenvalue equation for |ψ¯〉 can only be satisfied
for E = 0. (Recall that the energy of the A states is set as the
zero of energy.) By explicitly acting the Hamiltonian on |ψ¯〉
and setting the right hand side to zero,
H|ψ¯〉 =
∑
m
J∑
j=−J
vm,jϕm|B,m+ j〉 = 0, (16)
we find a recurrence relation that must be satisfied for eachm,
for any (bound) dark, stationary state:
J∑
j=−J
vm−j,jϕm−j = 0. (17)
To obtain Eq. (17) from Eq. (16), we enforced that the coeffi-
cient of each basis state |B,m〉 in Eq. (16) must vanish.
We recast the recurrence relation in Eq. (17) in terms of
transfer matrices:
~ϕ[m+1] = Tm~ϕ[m], (18)
which we use to propagate the state to the right, and
~ϕ[m] = Sm~ϕ[m+1], (19)
which we use to propagate the state to the left. Here ~ϕ[m] =
(ϕm+J−1, · · · , ϕm−J)T is a vector of wave function ampli-
tudes centered around unit cell m.
To construct the 2J × 2J transfer matrix Tm de-
fined by Eq. (18), we first isolate the amplitude ϕm+J
(i.e., the first entry in ~ϕ[m+1]) in Eq. (17): ϕm+J =
−∑Jj=−J+1 vm−j,jvm+J,−J ϕm−j . Here we assumed for simplic-
ity that vm+J,−J is nonzero; below we comment on the sta-
bility of our results to weak (vanishing vs. non-vanishing)
long-range hoppings. The remaining entries of ~ϕ[m+1],
{ϕm+J−1, . . . ϕm−J+1}, are simply copies of those in ~ϕ[m],
shifted down by one. Thus we have
(Tm)n′n =
{ −vm+J−n,−J+nvm+J,−J , n′ = 1
δn′,n+1, n
′ > 1.
(20)
The form of the left transfer matrix Sm defined in Eq. (19)
can be obtained similarly, by isolating the amplitude ϕm−J in
Eq. (17) and noting that repeated amplitudes are shifted up in
~ϕ[m] relative to their positions in ~ϕ[m+1]:
(Sm)n′n =
{ − vm+J+1−n,−J−1+nvm−J,J , n′ = 2J
δn′,n−1, n′ < 2J.
(21)
Here we also assumed vm−J,J 6= 0, see discussion below.
We now use the transfer matrices Tm and Sm to construct
the wave functions of dark stationary states (which satisfy
H|ψ¯〉 = 0). For simplicity, we consider the specific situa-
tion of an infinite chain with a single boundary point separat-
ing two topologically distinct sectors with uniform couplings
on each side of the boundary: vm,j = v
(L)
j for m ≤ 0 and
vm,j = v
(R)
j for m > 0. The hopping parameters in the left
and right regions correspond to winding numbers νL and νR,
respectively, see Eqs. (5) and (14).
Given a set of 2J amplitudes ~ϕ[m=0] = (ϕJ−1, · · · , ϕ−J)T
centered around the boundary at m = 0, the wave func-
tion amplitudes centered around unit cell n to the right of the
boundary are found by repeatedly applying Eq. (18): ~ϕ[n] =
Tn−1 · · ·T1T0~ϕ[m=0]. Similarly, the wave function ampli-
tudes centered around unit cell −n to the left of the boundary
are found using Eq. (19): ~ϕ[−n] = S−n · · ·S−2S−1~ϕ[m=0].
Crucially, not all choices of the 2J free variables in ~ϕ[m=0],
and values of the winding numbers νL and νR, give rise to
physical (normalizable) stationary states of the system. In
particular, it is necessary that the wave function amplitudes
do not grow as m → ±∞. Therefore we seek the conditions
under which the transfer matrices yield wave functions that
decay exponentially in the left and right regions; these condi-
tions will then tell us the parameter regimes where topological
edge states may be found, and the dimension of the dark DFS
at the boundary.
The characters of the wave functions generated by the trans-
fer matrices (exponentially growing or decaying in the asymp-
totic regions) are controlled by the spectral properties of T
and S far from the boundary. (Here we define T and S
without m indices, respectively, as the transfer matrices in
the translationally-invariant regions far to the right and to the
left of the boundary at m = 0.) Indeed, given a set of am-
plitudes far from the boundary, ~ϕ[m] for m  J , the am-
plitudes further out are obtained by applying powers of T :
~ϕ[m+n] = T
n~ϕ[m]. If ~ϕ[m] projects onto eigenvectors of T
6with eigenvalues of modulus greater than or equal to one,
then the solution will be non-decaying and therefore non-
normalizable. Each eigenvalue of T with modulus greater
than or equal to one therefore provides one linear constraint on
the initial amplitudes. Similarly, the requirement that the wave
function must decay exponentially far to the left of the bound-
ary implies that each eigenvalue of S with modulus greater
than or equal to one provides an additional linear constraint on
the initial amplitudes. Thus the dimension D of the dark edge
state subspace is given byD = 2J−NS−NT , where 2J is the
number of free parameters in ~ϕ[m=0], and NS and NT are the
numbers of eigenvalues of S and T with modulus greater than
or equal to one, respectively. In derivingD = 2J−NS−NT ,
we have used the fact that, generically, the linear constraints
from S and from T are independent. If D < 0, this implies
that the number of constraints exceeds the number of degrees
of freedom, and, generically, a normalizable dark state will
not appear.
To determine the values of NT and NS , we analyze the
characteristic polynomials of T and S: the eigenvalues of
T and S are given by the roots of the polynomials t(x) =∑J
j=−J v
(R)
j x
J−j and s(x) =
∑J
j=−J v
(L)
j x
J+j , respec-
tively. Comparing with the definition of ck in Eq. (5), we
observe that c(L)k and c
(R)
k corresponding to the parameters in
the left and right regions, respectively, can be related to the
characteristic polynomials as:
c
(L)
k = e
−ikJa s(eika), c(R)k = e
ikJa t(e−ika). (22)
We now show that the dimension of the dark edge state sub-
space is given by the difference between the winding numbers
encoded by c(L)k and c
(R)
k , D = ∆ν. Using Eq. (14), the dif-
ference in winding numbers across the boundary is given by
∆ν = νL − νR =
∮
dk
2pi Im
[
d
dk log
(
c
(L)
k /c
(R)
k
)]
. Equiva-
lently, writing c(L)k and c
(R)
k in terms of s and t using Eq. (22),
∆ν =
∮
dk
2pi
Im
[
d
dk
log
(
s(eika)
e2ikJat(e−ika)
)]
. (23)
Changing variables to z = eika, we see that ∆ν is equal to the
difference between winding numbers of s(z) and z2J t(z−1),
taken around the unit circle in the complex plane, |z| = 1.
Note that z2J t(z−1) and s(z) are polynomials of order 2J .
According to Cauchy’s argument principle, the winding
number of a polynomial p(z) taken around a closed contour
is equal to the number of zeros of p(z) inside the contour. In
our case, this precisely means that ∆ν is equal to the differ-
ence between the numbers of roots of s(z) and z2J t(z−1),
with |z| < 1. First, using the fact that s(z) has order 2J , the
number of roots of s(z) with |z| < 1 is equal to 2J − NS ,
where NS was defined above as the number of roots of s(z)
outside the unit circle41. Second, we note that the number of
roots of z2J t(z−1) inside the unit circle is equal to the num-
ber of roots of t(z) outside the unit circle, NT . Thus we find
∆ν = 2J −NS −NT ≡ D: the dimension of the dark edge
state subspace is precisely the difference of winding numbers
across the boundary (provided that it is positive).
boundary
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'm
FIG. 3. Illustration of stationary dark edge states. The infinite chain
is broken into three regions: a finite central region C with νC = 0
(blue) called the ‘boundary region,’ the left region L with νL = 1
(yellow) and the right region R with νR = −1 (green). Dark edge
states are constructed via the right and left transfer matrices T and S,
Eqs. (20) and (21), in regions R and L, respectively. The dimension
D of the dark edge state subspace is given by 2J −NS −NT , where
J is the maximal hopping range, and NS (NT ) is the number of
eigenvalues of S (T ) with magnitude larger than one. For νL > νR,
D = νL − νR, while for νL < νR there are no dark states localized
near the boundary. For nearest neighbor hopping, J = 1, and for
νL = 1, νR = −1, S and T are 2 × 2 matrices with all of their
eigenvalues lying inside the unit circle (see insets, red dots). Thus
NS = NT = 0 and the system has a 2J = 2 dimensional dark
subspace. If weak uniform hopping of range J ′ > J is added to
the system, the dimensions of S and T increase. However, D =
2J ′ − N ′S − N ′T remains unchanged, as the increased value of 2J ′
is compensated by additional eigenvalues of S and/or T that appear
outside the unit circle (green and yellow hollow dots).
Before concluding this section, we comment on the stability
of the bulk-edge correspondence. First, note that our conclu-
sions stem from the properties of T and S, the transfer ma-
trices in the asymptotic regions far to the right and to the left
of the boundary, respectively. Therefore the relation between
the dimension of the dark state subspace and the topological
indices realized on the two sides of the boundary is insensitive
to the details of the boundary region. Second, one may won-
der about the stability of our results to the addition of weak
hopping amplitudes of range longer than J , which increases
the dimensions of the transfer matrices. Indeed, increasing the
dimension of S by (for example) including a nearly vanishing
extra hopping amplitude v−J−1  min vj in the left region
typically introduces an additional root of s(z) with |z| close
to zero (i.e., inside the unit circle). Correspondingly, intro-
ducing a weak hopping amplitude v−J−1 in the right region
introduces an additional root of t(z) with |z|  1, i.e., outside
the unit circle (see Fig. 3). In terms of counting constraints,
with the increased dimension of T and S, one additional piece
of initial data is needed to generate a wave function using Tm
and Sm: the vector ~ϕ[m=0] thus gains one extra component,
and has dimension 2J + 1. The one additional eigenvalue
of T with modulus greater than 1 introduces one extra linear
constraint, balancing out the added degree of freedom. Thus
the number of free parameters (and hence the dimension of
the dark state subspace) remains invariant when weak longer
range hopping amplitudes are introduced. Moreover, the in-
troduction of the weak additional hopping amplitudes in the
7left and right regions does not change the winding numbers νL
and νR, and hence does not change the value of ∆ν. Thus the
bulk-edge correspondence D = ∆ν is stable to deformations
of the hopping amplitudes, including changes to the range of
hopping.
We note that the counting arguments above actually give
a lower bound on the dimension of the dark state subspace.
Specifically, we assumed the requirements of avoiding overlap
with eigenvectors of S and T with eigenvalues having modu-
lus greater than or equal to one yield independent constraints
on the two sides of the boundary. Under finely tuned con-
ditions (e.g., where S and T share one or more eigenvectors
in common), the constraints may be linearly dependent. This
reduces the number of constraints, and hence increases the di-
mension of the dark state subspace. However, such a situation
is non-generic, and could be broken by a small deformation of
parameters on either side of the boundary.
A. Continued example
To provide a concrete illustration of the bulk-boundary cor-
respondence described above, we now continue and extend
the example of a system with hopping to the nearest neigh-
boring unit cells (J = 1), discussed for the bulk in Sec. II A.
We focus on the situation where the infinite chain is broken
up into three regions  = {L,C,R}, each with constant (m-
independent) values of the parameters (vm,−1, vm,0, vm,1). In
a central boundary region C of finite extent w, 0 ≤ m < w,
the values of the parameters {vC,j} correspond to the topo-
logical sector νC = 0. To the left of the boundary region
( = L, m < 0) the hopping parameters {vL,j} correspond to
the phase νL = 1, and to the right of the boundary ( = R,
m ≥ w), the parameters {vR,j} correspond to νR = −1 (see
Fig. 3). With these choices of parameters, the walker tends to
move toward the boundary region (i.e., it moves to the right in
region L and to the left in region R).
Assuming that the stationary state is dark (|ψ¯〉 =∑∞
m=−∞ ϕm|A,m〉), we obtain the recurrence relations
vm,0ϕm + vm,1ϕm+1 + vm,−1ϕm−1 = 0, (24)
for all m. In explicit form, Eq. (24) along with Eqs. (20) and
(21) yield the following 2× 2 transfer matrices:
Tm =
( − vm,0vm+1,−1 − vm−1,1vm+1,−1
1 0
)
Sm =
(
0 1
−vm+1,−1vm−1,1 −
vm,0
vm−1,1
)
. (25)
Starting with a pair of amplitudes (ϕn, ϕn−1), for some inte-
ger n, we can obtain all of the coefficients ϕm withm < n−1
by propagating to the left with {Sm}, and the coefficients with
m > n by propagating to the right with {Tm}. In region L,
where νL = 1, the transfer matrix S has both of its eigen-
values inside the unit circle. To see this, we take a simple
point in the ν = 1 phase: vL,−1 = 0, vL,0 = rv¯, vL,1 = v¯,
where r < 1. In this case S is upper triangular and we can
read off the eigenvalues as 0 and r. Similarly, far to the right
of the boundary region the transfer matrix T in region R also
has both of its eigenvalues inside the unit circle. (This can be
seen, e.g., for the characteristic choice vR,−1 = v¯, vL,0 = r′v¯,
vL,1 = 0, with r′ < 1, where T has eigenvalues 0 and r′.)
Since all of the eigenvalues of both T and S lie within the unit
circle, any choice of ϕn and ϕn+1 yields a normalizable wave
function that decays exponentially as m → ±∞. Hence the
system supports two linearly-independent dark states, D = 2,
consistent with the difference in winding numbers across the
boundary region. The walker’s probability density will typi-
cally be strongly suppressed inside the boundary region if the
region is long compared with the decay length of the localized
states. The precise form of the steady state wave function (i.e.,
which state within the dark state subspace is realized) depends
on the initial state of the walker.
IV. PHYSICAL REALIZATION
In this section we describe a physical setup that maps onto
the model described above. We consider a single two level
system with a metastable excited state, interacting with a loss-
less single mode cavity with resonance angular frequency Ω.
The two level system could be, e.g., an atom in a cavity QED
setting or a qubit in a superconducting circuit QED implemen-
tation. Two driving fields are applied: 1) qubit transitions are
driven by an ac field of angular frequency ωa, and 2) the qubit-
cavity coupling is modulated with angular frequency ωa−c.
We will work at the two-photon resonance, Ω = ωa + ωa−c,
such that the qubit and qubit-cavity couplings can mediate
a resonant conversion of two driving field photons into one
cavity field excitation, and vice-versa. Within the rotating
wave approximation, the coherent part of the system’s dynam-
ics is described via a driven version of the Jaynes-Cummings
model:
HJC(t) = Ωa
†a+
1
2
∆(1 + σz)
+(λeiωa−ctσ+a+ µe−iωatσ+ + h.c.), (26)
where a is the cavity field annihilation operator, σz is the
Pauli z operator acting in the basis of qubit ground and ex-
cited states, |0〉 and |1〉, respectively (with σz|0〉 = −|0〉 and
σz|1〉 = |1〉), and ∆ is the energy of the excited state. The pa-
rameters µ and λ describe the strengths of the (ac) qubit and
qubit-cavity couplings.
Moving to a rotating frame via the transformation |ψ˜(t)〉 =
R(t)|ψ(t)〉 with R(t) = eiΩt a†aeiωat 12 (1+σz), we ob-
tain a time-independent rotating-frame Hamiltonian H˜JC =
−iR(t) ddtR†(t) +R(t)HJC(t)R†(t):
H˜JC =
1
2
(∆− ωa)(1 + σz) + (λσ+a+ µσ+ + h.c.). (27)
The dynamics generated by H˜JC in Eq. (27) can be ana-
lyzed in terms of an effective particle hopping between sites
of a semi-infinite lattice in Hilbert space, where the unit cells
are indexed by the cavity photon number m and each unit cell
contains two sites corresponding to the ground and excited
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<latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhn t20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zh MqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyW NUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9ze StiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPf fWMtA==</latexit><latexit sha1_base64="7TIjBMopbPvHiWFtB5zVPgf pW4s=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9CQFLx4rmLbQhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bX PQ1gcDj/dmmJkXZYJr43nfTmVjc2t7p7rr7u0fHB7V3OO2TnPFMGCpSFU3ohoFlxgYbgR2M4U0iQR2osnd3O88o9 I8lY9mmmGY0JHkMWfUWOnhalCrew1vAbJO/JLUoURrUPvqD1OWJygNE1Trnu9lJiyoMpwJnLn9XGNG2YSOsGeppAn qsFgcOiPnVhmSOFW2pCEL9fdEQROtp0lkOxNqxnrVm4v/eb3cxDdhwWWWG5RsuSjOBTEpmX9NhlwhM2JqCWWK21sJ G1NFmbHZuDYEf/XlddK+bPhew683b8swqnAKZ3ABPlxDE+6hBQEwQHiBN3h3npxX52PZWHHKiRP4A+fzBxOni4o=< /latexit><latexit sha1_base64="7TIjBMopbPvHiWFtB5zVPgf pW4s=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9CQFLx4rmLbQhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bX PQ1gcDj/dmmJkXZYJr43nfTmVjc2t7p7rr7u0fHB7V3OO2TnPFMGCpSFU3ohoFlxgYbgR2M4U0iQR2osnd3O88o9 I8lY9mmmGY0JHkMWfUWOnhalCrew1vAbJO/JLUoURrUPvqD1OWJygNE1Trnu9lJiyoMpwJnLn9XGNG2YSOsGeppAn qsFgcOiPnVhmSOFW2pCEL9fdEQROtp0lkOxNqxnrVm4v/eb3cxDdhwWWWG5RsuSjOBTEpmX9NhlwhM2JqCWWK21sJ G1NFmbHZuDYEf/XlddK+bPhew683b8swqnAKZ3ABPlxDE+6hBQEwQHiBN3h3npxX52PZWHHKiRP4A+fzBxOni4o=< /latexit><latexit sha1_base64="7TIjBMopbPvHiWFtB5zVPgf pW4s=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9CQFLx4rmLbQhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bX PQ1gcDj/dmmJkXZYJr43nfTmVjc2t7p7rr7u0fHB7V3OO2TnPFMGCpSFU3ohoFlxgYbgR2M4U0iQR2osnd3O88o9 I8lY9mmmGY0JHkMWfUWOnhalCrew1vAbJO/JLUoURrUPvqD1OWJygNE1Trnu9lJiyoMpwJnLn9XGNG2YSOsGeppAn qsFgcOiPnVhmSOFW2pCEL9fdEQROtp0lkOxNqxnrVm4v/eb3cxDdhwWWWG5RsuSjOBTEpmX9NhlwhM2JqCWWK21sJ G1NFmbHZuDYEf/XlddK+bPhew683b8swqnAKZ3ABPlxDE+6hBQEwQHiBN3h3npxX52PZWHHKiRP4A+fzBxOni4o=< /latexit>
6
<latexit sha1_base64="IKEJWcZ7/LWNG1+oPcjXL 5HMzbc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYm2hDWWz3bRLN5uwOxFK6D/w4kERr/4j b/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB 5O1gfJP77SeujYjVA04S7kd0qEQoGEUr3V9U+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6CfkY1Cib5t NJLDU8oG9Mh71qqaMSNn80unZITqwxIGGtbCslM/T2R0ciYSRTYzojiyCx6ufif100xvPIzoZIUuWLzRWEqCc Ykf5sMhOYM5cQSyrSwtxI2opoytOHkIXiLLy+Tx7O659a9u/Na47qIowxHcAyn4MElNOAWmtACBiE8wyu8OWP nxXl3PuatJaeYOYQ/cD5/ALU/jMo=</latexit><latexit sha1_base64="IKEJWcZ7/LWNG1+oPcjXL 5HMzbc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYm2hDWWz3bRLN5uwOxFK6D/w4kERr/4j b/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB 5O1gfJP77SeujYjVA04S7kd0qEQoGEUr3V9U+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6CfkY1Cib5t NJLDU8oG9Mh71qqaMSNn80unZITqwxIGGtbCslM/T2R0ciYSRTYzojiyCx6ufif100xvPIzoZIUuWLzRWEqCc Ykf5sMhOYM5cQSyrSwtxI2opoytOHkIXiLLy+Tx7O659a9u/Na47qIowxHcAyn4MElNOAWmtACBiE8wyu8OWP nxXl3PuatJaeYOYQ/cD5/ALU/jMo=</latexit><latexit sha1_base64="IKEJWcZ7/LWNG1+oPcjXL 5HMzbc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYm2hDWWz3bRLN5uwOxFK6D/w4kERr/4j b/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB 5O1gfJP77SeujYjVA04S7kd0qEQoGEUr3V9U+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6CfkY1Cib5t NJLDU8oG9Mh71qqaMSNn80unZITqwxIGGtbCslM/T2R0ciYSRTYzojiyCx6ufif100xvPIzoZIUuWLzRWEqCc Ykf5sMhOYM5cQSyrSwtxI2opoytOHkIXiLLy+Tx7O659a9u/Na47qIowxHcAyn4MElNOAWmtACBiE8wyu8OWP nxXl3PuatJaeYOYQ/cD5/ALU/jMo=</latexit><latexit sha1_base64="IKEJWcZ7/LWNG1+oPcjXL 5HMzbc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYm2hDWWz3bRLN5uwOxFK6D/w4kERr/4j b/4bN20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB 5O1gfJP77SeujYjVA04S7kd0qEQoGEUr3V9U+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6CfkY1Cib5t NJLDU8oG9Mh71qqaMSNn80unZITqwxIGGtbCslM/T2R0ciYSRTYzojiyCx6ufif100xvPIzoZIUuWLzRWEqCc Ykf5sMhOYM5cQSyrSwtxI2opoytOHkIXiLLy+Tx7O659a9u/Na47qIowxHcAyn4MElNOAWmtACBiE8wyu8OWP nxXl3PuatJaeYOYQ/cD5/ALU/jMo=</latexit>
⇥10 2
<latexit sha1_base64="Vm7pAajE+l7C0zW hTBTCHe6emLA=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEL4bdENBjwIvHCOYByRpmJ7PJk NkHM71CXPIlXjwo4tVP8ebfOJvsQRMLGoqqbrq7vFgKjbb9bRU2Nre2d4q7pb39g8Ny5ei4o6 NEMd5mkYxUz6OaSxHyNgqUvBcrTgNP8q43vcn87iNXWkThPc5i7gZ0HApfMIpGGlbKAxQB18S xH9LL+rw0rFTtmr0AWSdOTqqQozWsfA1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqE hNdvcdHH4nJwbZUT8SJkKkSzU3xMpDbSeBZ7pDChO9KqXif95/QT9azcVYZwgD9lykZ9IghHJ UiAjoThDOTOEMiXMrYRNqKIMTVZZCM7qy+ukU685ds25a1SbjTyOIpzCGVyAA1fQhFtoQRsYJ PAMr/BmPVkv1rv1sWwtWPnMCfyB9fkD/qqR8Q==</latexit><latexit sha1_base64="Vm7pAajE+l7C0zW hTBTCHe6emLA=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEL4bdENBjwIvHCOYByRpmJ7PJk NkHM71CXPIlXjwo4tVP8ebfOJvsQRMLGoqqbrq7vFgKjbb9bRU2Nre2d4q7pb39g8Ny5ei4o6 NEMd5mkYxUz6OaSxHyNgqUvBcrTgNP8q43vcn87iNXWkThPc5i7gZ0HApfMIpGGlbKAxQB18S xH9LL+rw0rFTtmr0AWSdOTqqQozWsfA1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqE hNdvcdHH4nJwbZUT8SJkKkSzU3xMpDbSeBZ7pDChO9KqXif95/QT9azcVYZwgD9lykZ9IghHJ UiAjoThDOTOEMiXMrYRNqKIMTVZZCM7qy+ukU685ds25a1SbjTyOIpzCGVyAA1fQhFtoQRsYJ PAMr/BmPVkv1rv1sWwtWPnMCfyB9fkD/qqR8Q==</latexit><latexit sha1_base64="Vm7pAajE+l7C0zW hTBTCHe6emLA=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEL4bdENBjwIvHCOYByRpmJ7PJk NkHM71CXPIlXjwo4tVP8ebfOJvsQRMLGoqqbrq7vFgKjbb9bRU2Nre2d4q7pb39g8Ny5ei4o6 NEMd5mkYxUz6OaSxHyNgqUvBcrTgNP8q43vcn87iNXWkThPc5i7gZ0HApfMIpGGlbKAxQB18S xH9LL+rw0rFTtmr0AWSdOTqqQozWsfA1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqE hNdvcdHH4nJwbZUT8SJkKkSzU3xMpDbSeBZ7pDChO9KqXif95/QT9azcVYZwgD9lykZ9IghHJ UiAjoThDOTOEMiXMrYRNqKIMTVZZCM7qy+ukU685ds25a1SbjTyOIpzCGVyAA1fQhFtoQRsYJ PAMr/BmPVkv1rv1sWwtWPnMCfyB9fkD/qqR8Q==</latexit><latexit sha1_base64="Vm7pAajE+l7C0zW hTBTCHe6emLA=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEL4bdENBjwIvHCOYByRpmJ7PJk NkHM71CXPIlXjwo4tVP8ebfOJvsQRMLGoqqbrq7vFgKjbb9bRU2Nre2d4q7pb39g8Ny5ei4o6 NEMd5mkYxUz6OaSxHyNgqUvBcrTgNP8q43vcn87iNXWkThPc5i7gZ0HApfMIpGGlbKAxQB18S xH9LL+rw0rFTtmr0AWSdOTqqQozWsfA1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqE hNdvcdHH4nJwbZUT8SJkKkSzU3xMpDbSeBZ7pDChO9KqXif95/QT9azcVYZwgD9lykZ9IghHJ UiAjoThDOTOEMiXMrYRNqKIMTVZZCM7qy+ukU685ds25a1SbjTyOIpzCGVyAA1fQhFtoQRsYJ PAMr/BmPVkv1rv1sWwtWPnMCfyB9fkD/qqR8Q==</latexit>
Photon number, m
<latexit sha1_base64="CXJSywgOHsDExVz knh9EvCkUGv4=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiWDiwZBdLnIk8eIRE3kksCGzwwAT5 rGZmTUSwq948aAxXv0Rb/6NA+xBwUo6qVR1p7srTjgzNgi+vdzW9s7uXn6/cHB4dHzinxZbRq Wa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xhyu/Dbj1QbpuSDnSY0Engk2ZARbJ3U94uNsbJKIpm KmOprVBblvl8KKsESaJOEGSlBhkbf/+oNFEkFlZZwbEw3DBIbzbC2jHA6L/RSQxNMJnhEu45 KLKiJZsvb5+jSKQM0VNqVtGip/p6YYWHMVMSuU2A7NuveQvzP66Z2WItmTCappZKsFg1TjqxC iyDQgGlKLJ86golm7lZExlhjYl1cBRdCuP7yJmlVK2FQCe+rpXotiyMP53ABVxDCDdThDhrQB AJP8Ayv8ObNvRfv3ftYtea8bOYM/sD7/AGe6ZN1</latexit><latexit sha1_base64="CXJSywgOHsDExVz knh9EvCkUGv4=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiWDiwZBdLnIk8eIRE3kksCGzwwAT5 rGZmTUSwq948aAxXv0Rb/6NA+xBwUo6qVR1p7srTjgzNgi+vdzW9s7uXn6/cHB4dHzinxZbRq Wa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xhyu/Dbj1QbpuSDnSY0Engk2ZARbJ3U94uNsbJKIpm KmOprVBblvl8KKsESaJOEGSlBhkbf/+oNFEkFlZZwbEw3DBIbzbC2jHA6L/RSQxNMJnhEu45 KLKiJZsvb5+jSKQM0VNqVtGip/p6YYWHMVMSuU2A7NuveQvzP66Z2WItmTCappZKsFg1TjqxC iyDQgGlKLJ86golm7lZExlhjYl1cBRdCuP7yJmlVK2FQCe+rpXotiyMP53ABVxDCDdThDhrQB AJP8Ayv8ObNvRfv3ftYtea8bOYM/sD7/AGe6ZN1</latexit><latexit sha1_base64="CXJSywgOHsDExVz knh9EvCkUGv4=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiWDiwZBdLnIk8eIRE3kksCGzwwAT5 rGZmTUSwq948aAxXv0Rb/6NA+xBwUo6qVR1p7srTjgzNgi+vdzW9s7uXn6/cHB4dHzinxZbRq Wa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xhyu/Dbj1QbpuSDnSY0Engk2ZARbJ3U94uNsbJKIpm KmOprVBblvl8KKsESaJOEGSlBhkbf/+oNFEkFlZZwbEw3DBIbzbC2jHA6L/RSQxNMJnhEu45 KLKiJZsvb5+jSKQM0VNqVtGip/p6YYWHMVMSuU2A7NuveQvzP66Z2WItmTCappZKsFg1TjqxC iyDQgGlKLJ86golm7lZExlhjYl1cBRdCuP7yJmlVK2FQCe+rpXotiyMP53ABVxDCDdThDhrQB AJP8Ayv8ObNvRfv3ftYtea8bOYM/sD7/AGe6ZN1</latexit><latexit sha1_base64="CXJSywgOHsDExVz knh9EvCkUGv4=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiWDiwZBdLnIk8eIRE3kksCGzwwAT5 rGZmTUSwq948aAxXv0Rb/6NA+xBwUo6qVR1p7srTjgzNgi+vdzW9s7uXn6/cHB4dHzinxZbRq Wa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xhyu/Dbj1QbpuSDnSY0Engk2ZARbJ3U94uNsbJKIpm KmOprVBblvl8KKsESaJOEGSlBhkbf/+oNFEkFlZZwbEw3DBIbzbC2jHA6L/RSQxNMJnhEu45 KLKiJZsvb5+jSKQM0VNqVtGip/p6YYWHMVMSuU2A7NuveQvzP66Z2WItmTCappZKsFg1TjqxC iyDQgGlKLJ86golm7lZExlhjYl1cBRdCuP7yJmlVK2FQCe+rpXotiyMP53ABVxDCDdThDhrQB AJP8Ayv8ObNvRfv3ftYtea8bOYM/sD7/AGe6ZN1</latexit>
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<latexit sha1_base64="suiZ90FvSSvu3QBOr49VkNOrybA=">AAACF3icbVC7SgNBFJ31GeNr1dJmMBEsJOymMWXAxjKCeUA2hruTSTJkZnaZmRWWTf7Cxl+xsVDEVjv/xsmj0MQDFw7n3Mu994QxZ9p43reztr6xubWd28nv7u0fHLpHxw0dJYrQOol4pFohaMqZpHXDDKetWFEQIafNcHQ99ZsPVGkWyTuTxrQjYCBZnxEwVuq6pZqKQggZZya9xMVxwEEOOMViHISgsiDWbBKomTa+Lxe7bsEreTPgVeIvSAEtUOu6X0EvIomg0hAOWrd9LzadDJRhhNNJPkg0jYGMYEDblkoQVHey2V8TfG6VHu5HypY0eKb+nshAaJ2K0HYKMEO97E3F/7x2YvqVTsZknBgqyXxRP+HYRHgaEu4xRYnhqSVAFLO3YjIEBcTYKPM2BH/55VXSKJd8r+TflgvVyiKOHDpFZ+gC+egKVdENqqE6IugRPaNX9OY8OS/Ou/Mxb11zFjMn6A+czx81qZ/m</latexit><latexit sha1_base64="suiZ90FvSSvu3QBOr49VkNOrybA=">AAACF3icbVC7SgNBFJ31GeNr1dJmMBEsJOymMWXAxjKCeUA2hruTSTJkZnaZmRWWTf7Cxl+xsVDEVjv/xsmj0MQDFw7n3Mu994QxZ9p43reztr6xubWd28nv7u0fHLpHxw0dJYrQOol4pFohaMqZpHXDDKetWFEQIafNcHQ99ZsPVGkWyTuTxrQjYCBZnxEwVuq6pZqKQggZZya9xMVxwEEOOMViHISgsiDWbBKomTa+Lxe7bsEreTPgVeIvSAEtUOu6X0EvIomg0hAOWrd9LzadDJRhhNNJPkg0jYGMYEDblkoQVHey2V8TfG6VHu5HypY0eKb+nshAaJ2K0HYKMEO97E3F/7x2YvqVTsZknBgqyXxRP+HYRHgaEu4xRYnhqSVAFLO3YjIEBcTYKPM2BH/55VXSKJd8r+TflgvVyiKOHDpFZ+gC+egKVdENqqE6IugRPaNX9OY8OS/Ou/Mxb11zFjMn6A+czx81qZ/m</latexit><latexit sha1_base64="suiZ90FvSSvu3QBOr49VkNOrybA=">AAACF3icbVC7SgNBFJ31GeNr1dJmMBEsJOymMWXAxjKCeUA2hruTSTJkZnaZmRWWTf7Cxl+xsVDEVjv/xsmj0MQDFw7n3Mu994QxZ9p43reztr6xubWd28nv7u0fHLpHxw0dJYrQOol4pFohaMqZpHXDDKetWFEQIafNcHQ99ZsPVGkWyTuTxrQjYCBZnxEwVuq6pZqKQggZZya9xMVxwEEOOMViHISgsiDWbBKomTa+Lxe7bsEreTPgVeIvSAEtUOu6X0EvIomg0hAOWrd9LzadDJRhhNNJPkg0jYGMYEDblkoQVHey2V8TfG6VHu5HypY0eKb+nshAaJ2K0HYKMEO97E3F/7x2YvqVTsZknBgqyXxRP+HYRHgaEu4xRYnhqSVAFLO3YjIEBcTYKPM2BH/55VXSKJd8r+TflgvVyiKOHDpFZ+gC+egKVdENqqE6IugRPaNX9OY8OS/Ou/Mxb11zFjMn6A+czx81qZ/m</latexit><latexit sha1_base64="suiZ90FvSSvu3QBOr49VkNOrybA=">AAACF3icbVC7SgNBFJ31GeNr1dJmMBEsJOymMWXAxjKCeUA2hruTSTJkZnaZmRWWTf7Cxl+xsVDEVjv/xsmj0MQDFw7n3Mu994QxZ9p43reztr6xubWd28nv7u0fHLpHxw0dJYrQOol4pFohaMqZpHXDDKetWFEQIafNcHQ99ZsPVGkWyTuTxrQjYCBZnxEwVuq6pZqKQggZZya9xMVxwEEOOMViHISgsiDWbBKomTa+Lxe7bsEreTPgVeIvSAEtUOu6X0EvIomg0hAOWrd9LzadDJRhhNNJPkg0jYGMYEDblkoQVHey2V8TfG6VHu5HypY0eKb+nshAaJ2K0HYKMEO97E3F/7x2YvqVTsZknBgqyXxRP+HYRHgaEu4xRYnhqSVAFLO3YjIEBcTYKPM2BH/55VXSKJd8r+TflgvVyiKOHDpFZ+gC+egKVdENqqE6IugRPaNX9OY8OS/Ou/Mxb11zFjMn6A+czx81qZ/m</latexit>
m
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FIG. 4. Dynamics of a driven cavity QED system [Eq. (26)] repre-
sented as a dissipative walk through Hilbert space. a) Energy level
structure of the cavity QED setup. The effective particle (“walker”)
can coherently hop on a semi-infinite lattice of sites corresponding
to photon number eigenstates of the cavity field, and indexed by
the qubit ground (|0〉) and excited (|1〉) states. Intracell hopping,
in which the cavity photon number m is unaffected, is induced by a
driving field of amplitude µ that acts on the qubit (blue lines). The
driven qubit-cavity coupling allows exchange of excitations between
the qubit and cavity (green lines), with an m-dependent amplitude
λ
√
m. The excited state of the qubit is metastable, and decays at a
rate γ (represented by wavy arrows). b) Steady state site population
|〈m|ψ¯〉|2 [Eq. (29)] for the cavity QED system with µ2/λ2 = 30
(simulated on a finite chain of size L = 60). The population is max-
imal near m = µ2/λ2, and is exponentially suppressed away from
it. The stationary state corresponds to a topological dark edge state,
which is localized to the boundary separating regions of differing
topological indices.
qubit states, |0〉 and |1〉 (see Fig. 4a). The qubit driving field
induces intracell hopping between |m, 0〉 and |m, 1〉 (with the
photon number, m, unaffected). The driven qubit-cavity cou-
pling yields intercell hopping: the amplitude for the effective
particle to hop from the state |m, 0〉 to the state |m − 1, 1〉
in the neighboring unit cell is given by λ
√
m, where the
√
m
factor arises from the action of a on the state with m photons.
In the rotating frame, the on-site energy of the excited state is
reduced to ∆− ωa.
We can then map the driven cavity QED problem (26) to a
two-band tight-binding system with spatially-dependent hop-
ping amplitudes. In the notation of Eq. (1), |0〉 and |1〉 play
the roles of |A〉 and |B〉, respectively, and we have vm,0 = µ
and vm,−1 = λ
√
m, with all other hoppings equal to zero.
In addition to the coherent Jaynes-Cummings-type dynam-
ics described above, we assume that the two level qubit may
incoherently decay from its excited state to its ground state at
a rate γ. The combined coherent and incoherent dynamics are
described by the Markovian master equation
ρ˙ = −i[H˜JC , ρ] + γ(σ−ρσ+ − 1
2
{σ+σ−, ρ}+). (28)
The dissipation corresponds to the single jump operator L =√
γ|0〉〈1| ⊗ 1m. As discussed below Eq. (2) and in Eq. (6),
this type of process preserves coherence of the cavity during
decay of the qubit. In practice, there will always be a finite
cavity decay rate κ; here we assume κ  γ, and thus set
κ = 0 for simplicity.
When µ > λ, the system hosts two distinct topological sec-
tors. In the region 0 ≤ m < mc, with√mc = µ/λ, the wind-
ing number νL [Eq. (13)] is equal to 0 (intracell hopping dom-
inates). For m > mc, intercell hopping vm,−1 dominates and
the winding number νR is equal to -1. (In the right region, the
particle tends to move left, toward the boundary at m = mc.)
Thus we obtain a situation with ∆ν = 1, and according to
the arguments in Sec. III we expect to find a topologically-
protected stationary dark state localized around the boundary
at m = mc.
By explicit calculation using the recurrence relation (17),
µϕm + λ
√
m+ 1ϕm+1 = 0, it is straightforward to show
that for µ > λ the system has a unique, pure, stationary state:
|ψ¯〉 = e− 12 (µ/λ)2
∞∑
m=0
(−1)m (µ/λ)
m
√
m!
|0,m〉. (29)
Equation (29) describes a coherent state of the cavity field, of
amplitude µ/λ. For any initial state, the system tends to this
dark state at long times, where it completely decouples from
dissipation (assuming κ = 0).
V. DISCUSSION
In this work we introduced a model of dissipative dynamics
in a one-dimensional quantum system, which exhibits a novel
and unusual set of dynamical topological phenomena. When
a spatial boundary is present, separating regions characterized
by different topological indices, a topologically-protected de-
coherence free dark state subspace may form at the boundary.
When such a DFS is present, it is an attractor for the dynam-
ics: independent of the initial state, at long times the state of
the system will always belong to the DFS. In future work it
would be interesting to further explore the nature of this DFS,
and its possible applications.
We note that an unusual bulk-boundary correspondence
with some analogous features was found for a Hatano-Nelson-
type non-Hermitian hopping problem in Ref. 31. However,
the model studied there is of a different nature from the one
studied here, in particular lacking particle conservation and a
notion of dark states. A further study of the relation between
these problems is an interesting direction for future work.
Constructed as a particle-conserving analogue of the non-
Hermitian quantum walk first studied in Refs. 21, the model
that we studied can be used to describe a variety of physi-
cal systems. In addition to the cavity/circuit QED based real-
izations discussed above, following the discussion of Ref. 33
we envision that extensions of this model could for example
be used to describe nuclear spin pumping in quantum dots.
Whereas the model described in Ref. 33 could only be used to
assess the short time dynamics of the system, the framework
developed in the present work can be used to study the long
time dynamics and steady state polarization.
As discussed, e.g., in Refs. 28 and 31, topological classi-
fication in non-Hermitian systems is a relative concept, de-
pendent on specific physical constraints that are imposed on
the system. In the translationally-invariant case studied here,
9a natural phase structure emerges based on the condition that
the system does not possess any dark states. In Ref. 31, a
wide-ranging classification was developed based on the con-
straint that the complex spectrum of the system’s generator of
evolution must avoid one particular value. It will be interest-
ing to see what other types of constraints and corresponding
topological classifications may naturally emerge in other types
of non-Hermitian dynamical systems in the future.
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